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Abstract
We show that if the fundamental group π of a PD4-complex X has cohomological dimension
2 there is a 2-connected degree 1 map from X to a “minimal” such complex. If moreover π has
one end we relate the cohomological linking pairing to the attaching map for the top cell via the
Whitehead quadratic functor, and show that every w-hermitian form on a finitely generated projective
Z[π]-module is realized by some PD4-complex with fundamental group π . If π is a PD2-group the
minimal complex is the total space of an S2-bundle over K(π,1) and is determined by cohomological
invariants of X.
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If f :X → Z is a degree 1 map of finite 4-dimensional Poincaré duality complexes with
fundamental group π such that π1(f ) is an isomorphism then π2(f ) is a split epimorphism
of Z[π]-modules, and K2(f ) = Ker(π2(f )) is a stably free direct summand of π2(X), by
Lemmas 2.2 and 2.3 of [11]. Wall’s lemma extends to maps between finitely dominated
Poincaré duality complexes; the kernel K2(f ) is then a finitely generated projective Z[π]-
module. Thus f is 2-connected and is a homotopy equivalence if and only if K2(f ) = 0.
Hence if HomZ[π](π2(X),Z[π]) = 0 any such map f must be a homotopy equivalence.
We shall say that such a PD4-complex X is (strongly) minimal. If π is a free group there is
always a 2-connected degree 1 map to a minimal PD4-complex. (See [6] for an exposition
of the basic properties of such PD4-complexes.) Here we shall show that there are always
such maps if π has cohomological dimension  2. This class includes PD2-groups, the
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groups of classical knots and links, fundamental groups of irreducible 3-manifolds with a
nonempty aspherical boundary component and torsion-free 1-relator groups.
We begin by establishing notation and recalling some basic facts. In Section 2 we show
that every PD4-complex X with fundamental group π of cohomological dimension 2
admits a 2-connected degree 1 map to a strongly minimal PD4-complex Z, which we
shall call a “minimal model” for X. In the rest of the paper we shall assume further
that π has one end. We may assume also that X is obtained from its 3-skeleton Xo
by attaching a single 4-cell. In Section 3 we relate the cohomology intersection pairing
on the maximal stably free quotient of π2(X) to a pairing constructed from π via the
Whitehead quadratic functor, and we show that every hermitian form on a finitely generated
projective Z[π]-module is realized by some finite PD4-complex. If π is the fundamental
group of an aspherical closed surface F the minimal models are total spaces of S2-bundles
over F . In Section 4 we strengthen the result of Section 2 by giving cohomological criteria
for X to admit a 2-connected degree 1 map to such a bundle space, and we show that
the minimal model is unique. In Section 5 we consider briefly the classification up to
homeomorphism or s-cobordism of 4-manifolds with such fundamental groups, and we
observe that the example of Hambleton and Teichner may be adapted to show that in
general such 4-manifolds are not connected sums of minimal models with 1-connected
4-manifolds. We conclude with some remarks on the limitations of the notion of minimality
used here.
1. Preliminaries
If X is a space with basepoint ∗ let X˜ be the universal covering space and cX :X →
K(π,1) the classifying map for the fundamental group π = π1(X). Let Π = π2(X) and
let fX :X → P2(X) be the second stage of the Postnikov tower for X. Let E(X) and
E∗(X) denote the groups of self homotopy equivalences of the space X and the pair (X,∗),
respectively, and let Eπ(X) be the subgroup of self homotopy equivalences which induce
the identity on π . Then E∗(K(π,1))∼= Aut(π) and Eπ(X) = Ker(E∗(cX)).
If X is a 1-connected cell complex there is an exact sequence
π4(X) → H4(X;Z) bX−→ ΓW
(
π2(X)
)→ π3(X) hX−→ H3(X,Z) → 0,
where A → ΓW(A) is the universal quadratic functor of Whitehead and hX is the Hurewicz
homomorphism in degree 3 [13]. (See [2, Chapter IX, Section 4] for an exposition of
Whitehead’s work, in particular, for a description of the “secondary boundary” bX.) The
Whitehead sequence is functorial, and so the Whitehead sequence for X˜ is an exact
sequence of Z[π]-modules.
We shall assume henceforth that π is finitely presentable and has cohomological
dimension 2. Let w :π → {±1} be a homomorphism, and define an involution on Γ =
Z[π] by g¯ = w(g)g−1, for all g ∈ π . If R is a right Γ -module let R be the corresponding
left Γ -module with the conjugate structure given by g . r = r . g¯, for all g ∈ Γ and r ∈ R.
If L is a left Γ -module let L† = HomΓ (L,Γ ) be the conjugate dual module, and let
EiL = ExtiΓ (L,Γ ), for i  0. Thus L† = E0L. If L is a (stably) free module then so
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is L†. (In general, the argument of Lemma 1 of [6] extends to show that every such dual
module L† has projective dimension at most 1.)
The augmentation homomorphism ε :Γ → Z extends to a finite projective resolution
0 → P2 → P1 → P0 = Γ ε→ Z → 0. Dualizing gives a partial resolution P †1 → P †2 →
E2Z → 0, and dualizing again gives (E2Z)† = 0. Let εw :Γ → Zw be the w-twisted
augmentation, determined by ε(g) = w(g) for all g ∈ π , and let Iw = Ker(εw).
2. Minimal models
Let X be a finitely dominated PD4-complex with fundamental group π . (Then π is
finitely presentable.) Let w = w1(X) be the orientation character, and let X+ be the
orientable covering space associated to π+ = Ker(w). We may assume that X has one
0-cell and one 4-cell, and so X = Xo ∪θ D4, where Xo is the 3-skeleton of X and
θ ∈ π3(Xo) is the attaching map for the 4-cell [11]. Since the inclusion of Xo in X is
3-connected it extends to a homotopy equivalence P2(Xo)  P2(X).
Let C∗ = C∗(X;Γ ) be the cellular chain complex of X˜, with respect to the natural
π -equivariant cell structure. This is chain homotopy equivalent to a finite projective
complex, since X is finitely dominated. Let Bq  Zq denote the q-dimensional boundaries
and q-cycles in Cq , respectively, and let Hq = Hq(C∗) = Zq/Bq , for q  0. Then
Hq = Hq(X;Γ ) is isomorphic to Hq(X˜;Z), with the left Γ -module structure given
by the action of the covering group π on X˜. In particular, H2 ∼= Π = π2(X). The
equivariant cohomology modules are defined by Hq = Hq(X;Γ ) = Hq(C∗), where
C∗ is the dual cochain complex, with Cq = C†q . Poincaré duality determines a chain
homotopy equivalence C4−∗ ∼= C∗ and isomorphisms Hq ∼= H4−q , given by cap product
with the fundamental class [X] ∈ H4(X;Zw) = H4(Zw ⊗Γ C∗). If π has one end then
H 0 = H 1 = 0, and so H3 = H4 = 0. Since Xo is a 3-dimensional complex its homotopy
type is determined by the chain homotopy type of C∗(Xo;Γ ), the truncation of C∗ [12].
Theorem 3.12 of [5] asserts that if the fundamental group π of a finite PD4-complex
X has cohomological dimension 2 and χ(X) = 2χ(π) then Π = π2(X) ∼= E2Z and
the cellular chain complex of X˜ is determined up to chain homotopy equivalence over
Z[π] by π and w1(X). The role of w1 was inadvertently omitted from the enunciation
of this theorem, and the final paragraph should read as follows. “If c.d.π  2 the
argument can be modified to work over Z[π]. In particular, B1 = Z1 is projective, so
C2 ∼= Z1 ⊕ Z2 and the integral chain complex of X˜ is chain homotopy equivalent to
the sum of a projective resolution of Z and the dual of a projective resolution of Z
(shifted to terminate in degree 2.” (It is correct as it stands if π has one end). The
argument involves straightforward manipulation of chain complexes and their duals, using
Schanuel’s Lemma, Poincaré duality and the Universal Coefficient spectral sequence, and it
extends easily to the finitely dominated case. In fact the argument shows without using the
condition χ(X) = 2χ(π) that C∗ is chain homotopy equivalent to P∗ ⊕M ⊕P 4−∗, where
P∗ is a projective resolution of Z, M is a projective module concentrated in degree 2 and
P 4−∗ is the dual of P∗, shifted to terminate in degree 2. Moreover if X is finite then M is
stably free. In particular, Π ∼= M ⊕E2Z.
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Theorem 1. Let X be a PD4-complex whose fundamental group π has cohomological
dimension 2. Then there is a 2-connected degree 1 map from X to a PD4-complex Z such
that π2(Z) ∼= E2Z.
Proof. As indicated above the argument of Theorem 3.12 of [5] implies that Π ∼= M ⊕
E2Z, where M is a finitely generated projective Z[π]-module. Suppose first that M is
stably free and M ⊕ Γ t ∼= Γ s , and choose maps mi :S2 → X for 1  i  s representing
the images of the standard basis for Γ s in π/E2Z ∼= Γ s/Γ t . Then we may attach s
3-cells to X along the mi to obtain a cell complex Y with π1(Y ) ∼= π , π2(Y ) ∼= Π/M and
H3(Y ;Γ ) ∼= H3(X;Γ )⊕ Γ t . Since the Hurewicz map is onto in degree 3 for 1-connected
spaces (such as Y˜ ) we may attach t 4-cells to Y along maps whose Hurewicz images form
a basis for H3(Y,X;Γ ) to obtain a cell complex Z with π1(Z) ∼= π and π2(Z) ∼= Π/M .
Otherwise M ⊕ F ∼= F , where F is free of countable rank, and we first construct Y by
attaching countably many 2- and 3-cells to X, and then attach countably many 4-cells to Y
to obtain Z as before.
The inclusion f :X → Z is 2-connected and induces isomorphisms on homology and
cohomology with coefficients Γ in degrees other than 2. Moreover Ker(H2(f ;Γ )) = M ,
Cok(H 2(f ;Γ )) is the maximal projective summand of H 2(X;Γ ) and H4(f ;Zw) is an
isomorphism. It follows from the projection formula f∗([X] ∩ f ∗α) = f∗[X] ∩ α and the
fact that π2(Z)† ∼= (E2Z)† = 0 that Z is a PD4-complex with fundamental class f∗[X],
and so f has degree 1. 
The proof clearly also gives the following refinement.
Addendum. If X is a finite PD4-complex Z is also finite.
If K˜0(Z[π]) = 0 “finitely dominated” implies “homotopy finite” (i.e., homotopy
equivalent to a finite complex). In particular, if π is a PD2-group then X is homotopy
finite, and we shall show in Section 5 that it determines the homotopy type of the minimal
model Z. (We make no claim about the uniqueness of the collapse f :X → Z.)
Since π is finitely presentable and has cohomological dimension 2 there is a finite
K(π,1) complex of dimension  3. If there is a finite 2-dimensional K(π,1)-complex
doubling a 4-dimensional handlebody thickening of such a 2-complex gives a minimal
PD4-complex for π (with Π ∼= E2Z).
3. Intersection pairings
The main result of this section is that the equivariant intersection pairing of a PD4-
complex X with π1(X) ∼= π may be identified with a pairing defined in terms of the
Whitehead quadratic functor. We shall assume that π has cohomological dimension 2 and
one end and that φ has image 0 in H3(Xo;Zw) under the composite of the Hurewicz
homomorphism hX˜o and the projection from X˜o to Xo. It is not clear how far these
hypotheses may be relaxed. (A similar result holds for π a free group [6], and so the
hypothesis that π has one end may be unnecessary.)
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Let G be a group and w :G → {±1} a homomorphism, and denote the w-twisted
involution on Z[G] by an overbar, as in Section 1. A w-hermitian form on a finitely
generated projective Z[G]-module N is a pairing λ :N ×N → Z[G] which is Z[G]-linear
in the first variable, conjugate symmetric (i.e., λ(n,n′) = λ(n′, n), for all n,n′ ∈ N ) and
such that λ(gn,gn′) = w(g)λ(n,n′), for all n,n′ ∈ N and g ∈ G. It is nonsingular if the
adjoint map λ˜ :N → N† given by λ˜(n′)(n) = λ(n,n′) (for all n,n′ ∈ N ) is an isomorphism.
The set Herw(N) of w-hermitian forms on N is an Abelian group with respect to addition
of the values of the forms. If N = M† is the dual of a finitely generated projective
Z[G]-module M let ev(m)(n,n′) = n(m)n′(m), for all m ∈ M and n,n′ ∈ M†. Then
ev(m)(n,n′) is Z-quadratic in m and w-hermitian in n and n′, and so ev determines a
homomorphism B from Zw ⊗Z[G] ΓW(M) to Herw(M†). (In our applications G shall be
either trivial or π ).
Lemma 2. Let G be a group and w :G → {±1} a homomorphism, such that Ker(w) has
no element of order 2, and let M be a finitely generated projective Z[G]-module. Then
B :Zw ⊗Z[G] ΓW(M) → Herw(M†) is an epimorphism.
Proof. Let P be a projective complement to M , so that M ⊕ P ∼= Z[G]r for some
r  0. We may extend an hermitian form h on M† to a form h˜ on M† ⊕ P † by setting
h˜(n,p) = h˜(p′,p) = 0 for all n ∈ M† and p,p′ ∈ P †. If h˜ = B(θ) then h = B(θM), where
θM is the image of θ under the homomorphism induced by the projection from M ⊕ P
onto M . In this way we may easily reduce to the case when M is a free module with basis
e1, . . . , er . Let e∗1, . . . , e∗r be the dual basis for M†, defined by e∗i (ei ) = 1 and e∗i (ej ) = 0
if i = j . Since h is determined by the values hij = h(e∗i , e∗j ) we may further reduce to the
case when M has rank 1 or 2.
The universal quadratic map γM :M → ΓW(M) induces a homomorphism from M ⊗Z
M to ΓW(M). (See [2]). Let εw[m,m′] be the image of m ⊗ m′ in Zw ⊗Z[G] ΓW(M).
Then B(εw[m,m′])(n,n′) = n(m)n′(m′)+ n(m′)n′(m), for all m,m′ ∈ M and n,n′ ∈ M†.
Suppose first that M has rank 1. Since h11 = h¯11 and Ker(w) has no element of order 2 we
may write h11 = 2b + δ +∑g∈F (g + g¯), where b = b¯, δ = 1 or 0 and F is a finite subset
of G. Let µ = εw[(b+ δ +∑g∈F g)e1, e1]. Then B(µ)(e∗1, e∗1) = h11. If M has rank 2 and
h11 = h22 = 0 let µ = εw[h12e1, e2]. Then B(µ)(e∗i , e∗j ) = hij . In each case B(µ) = h,
since each side of the equation is a w-hermitian form on M†. 
The hypothesis on G is necessary, as can be seen by considering the group G = Z/2Z =
〈g | g2〉 with w trivial and h the pairing on M = Z[G] determined by h(m,n) = mgn¯.
Since φ has image 0 in H3(Xo;Zw) the group H4(Xφ;Zw) is infinite cyclic, with a
generator [Xφ] represented by the 4-cell. The universal coefficient spectral sequence gives
an exact sequence
0 → E2Z → H 2(X;Γ ) → Π† → 0,
since H 3(π;Z[π])= 0. (See Lemma 3.3 of [5].) Since (E2Z)† = 0 cap product with [Xφ]
determines a cohomology intersection pairing λφ :Π† × Π† → Γ , given by λφ(u, v) =
v(u ∩ [Xφ]) for all u,v ∈ Π†. This pairing is a w-hermitian form, by Proposition 4.58
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of [9]. It is nonsingular if Xφ is a PD4-complex, and we may then define the equivalent
homology intersection pairing λφ via duality.
Since π has one end H3(Xo;Γ ) ∼= Γ and since Xo is 3-dimensional H4(Xo;Γ ) is 0.
Thus the Whitehead sequence splits and tensoring with Zw gives an exact sequence
0 → Zw ⊗Γ ΓW(Π) → Zw ⊗Γ π3(Xo) → Zw → 0.
Since φ has image 0 in H3(Xo;Zw) it determines an element in Zw ⊗Γ ΓW(Π) and hence
an element [φ] in Zw ⊗Γ ΓW(Π). Thus φ determines a w-hermitian form B([φ]) on Π†.
We shall show that the two pairings just defined in terms of φ are equivalent, by using
a Postnikov approximation to X. Let L = Lπ(M,2) be the total space of the K(M,2)
fibration over K(π,1) corresponding to the natural action of π on M . This is uniquely
determined since the k-invariant is in H 3(π;M) = 0, and the projection of Π onto M
determines a map from P2(X) to L. We may construct L by adjoining 3-cells to Xo to kill
the subgroup E2Z and then adjoining higher dimensional cells to kill the higher homotopy.
Let j :X → LM be the map induced by the inclusion of Xo into LM .
The following lemma is the crux of this section. Underlying this lemma is the
fact that ΓW(Π) may be viewed homotopically as the subgroup of π3(Xo) generated
from Π by Whitehead products and composition with the Hopf map and homologically
as H4(P2(Xo);Γ ) = H4(K(Π,2);Z).
Lemma 3. Let φ ∈ π3(Xo) have image 0 in H3(Xo;Zw). Then H4(Xφ;Zw) ∼= Zw and bL˜
induces an isomorphism b′: H4(L;Zw) ∼= Zw ⊗Γ ΓW(M) such that b′(j∗[Xφ]) = [φ].
Proof. Let δ ∈ π4(X,Xo) be the map of pairs corresponding to φ and let δL be its
image in π4(L,Lo), corresponding to jφ. Then φ = ∂Xδ and jφ = ∂LδL, where ∂X
and ∂L are the connecting homomorphisms in the exact sequences of homotopy. Since
Xo is 3-dimensional and φ has image 0 in H3(Xo;Zw) the inclusion of H4(Xφ;Zw)
into the relative group H4(Xφ,Xo;Zw) ∼= Zw is an isomorphism. The relative Hurewicz
homomorphism π4(Xφ,Xo) ∼= H4(Xφ,Xo;Γ ) ∼= Γ is an isomorphism, and comparison
of the exact sequences of homotopy and homology for the pair (Xφ,Xo) shows that
the images of [Xφ] and δ in H4(Xφ,Xo;Zw) agree. Hence j∗[Xφ] and δL have the
same image in H4(L,Lo;Zw), by naturality of the Hurewicz homomorphism. Now
bL˜ :H4(L;Γ ) → ΓW(M) is an isomorphism, since π3(L) = π4(L) = 0. Since M is stably
free and H3(L;Γ ) = H3(K(M,2);Z) = 0 the Cartan–Leray spectral sequence for the
projection p : L˜ → L gives an isomorphism from Zw ⊗Γ H4(L;Γ ) to H4(L;Zw). Hence
we obtain an isomorphism b′: H4(L;Zw) ∼= Zw ⊗Γ ΓW(M).
Choose ξ ∈ H4(L;Γ ) with image j∗[Xφ] in H4(L;Zw), and let ξrel be its image in
H4(L,Lo;Γ ) under the monomorphism induced by the natural map. Then ξrel − δL has
image 0 in H4(L,Lo;Zw) = Zw ⊗Γ H4(L,Lo;Γ ), and so is in IwH4(L,Lo;Γ ). Hence
∂L(h
−1
L˜
(ξrel) − δL) is in Iwπ3(Lo). Now bL˜(ξ) = ∂L(h−1L˜ (ξrel)) (see [2]) and ∂LδL = jφ.
Therefore b′(j∗[Xφ]) = [φ]. 
Let G be a group and w :G → {±1} a homomorphism as above and A a finitely
generated free Abelian group. Let A∗ = Hom(A,Z) and Â = A∗ ⊗Z Z[G]. If B :A∗ ×
J.A. Hillman / Topology and its Applications 142 (2004) 49–60 55
A∗ → Z is a symmetric bilinear pairing we may extend it to a w-hermitian pairing
B̂ : Â× Â → Z[G] by setting B̂(∑g∈G agg,
∑
h∈G bhh) =
∑
g,h∈G agbhh¯g.
Lemma 4. Let βh = B(b(CP∞)n(h)), for h ∈ H4((CP∞)n;Z), and let G be a group. Then
β̂h(u, v) = v(u ∩ h) for all u,v ∈ H 2((CP∞)n;Z[G]) ∼= H 2((CP∞)n;Z) ⊗Z Z[G] and
h ∈ H4((CP∞)n;Z).
Proof. As each side of the equation is linear in h and H4((CP∞)n;Z) is generated by
the images of homomorphisms induced by maps from CP∞ or (CP∞)2, it suffices to
assume n = 1 or 2. Since moreover β̂h(u, v) and v(u ∩ h) are bilinear in u and v we
may reduce to the case G = 1. As these functions have integral values and 2(x ⊗ y) =
(x + y) ⊗ (x + y) − x ⊗ x − y ⊗ y in H4((CP∞)2;Z), for all x, y ∈ Π ∼= Z2, we may
reduce further to the case n = 1, which is easy. 
Lemma 5. Let x ∈ H4(L;Zw). Then B(b′(x))(u, v) = v(u∩ x) for all u,v ∈ M†.
Proof. Let p : L˜ → L be the covering projection. Then x = p∗(x˜) for some x˜ ∈
H4(L;Γ ). Since M is the union of its finitely generated free Abelian subgroups and
homology commutes with direct limits there is an n > 0 and a map k : (CP∞)n → L˜
such that x˜ = k∗(ξ) for some ξ ∈ H4((CP∞)n;Z). As v(u ∩ (pk)∗ξ) = k∗v(k∗u ∩ ξ),
and ev(k∗y)(u, v) = êv(y)(k∗u, k∗v), for all u,v ∈ Π†, ξ ∈ H4((CP∞)n;Z) and y ∈
H2((CP∞)n;Z), the lemma follows easily from Lemma 4. 
The following theorem corresponds to parts (i)–(iii) of Theorem 5 of [6].
Theorem 6. Let Xo be the 3-skeleton of a PD4-complex X with π1(X) ∼= π and w1(X) =
w, and let φ ∈ π3(Xo) have image 0 in H3(Xo;Zw). Then
(i) B([φ]) ∼= λφ ;
(ii) Xφ = Xo ∪φ D4 is a PD4-complex with w1(Xφ) = w if and only if Zfoφ is a PD4-
complex with w1(Zfoφ) = w and B([φ]) is nonsingular;
(iii) every nonsingular w-hermitian form on a finitely generated projective Γ -module is
the cohomology intersection pairing of some such PD4-complex Xψ with π1(Xψ) ∼= π
and w1(Xψ) = w.
Proof. The map j :Xo → L induces isomorphisms j∗: Π/E2Z ∼= M and j∗: M† ∼= Π†.
Since b′(j∗[Xφ]) = [φ], by Lemma 3, we have B([φ])(u, v) = v(u ∩ j∗[Xφ]) for all
u,v ∈ M†, by Lemma 5, and so B([φ]) ∼= λφ .
If Xφ is a PD4-complex with w1(Xφ) = w then Zfoφ is a PD4-complex, as we
saw in Section 2, and B([φ]) ∼= λφ is nonsingular. Conversely, suppose that these
conditions hold. The retraction fo :Xo → Zo induces a map of pairs fφ : (Xφ,Xo) →
(Zfoφ,Zo). Comparison of the exact sequences of homology with coefficients Γ shows
that H3(Xφ;Γ ) = H4(Xφ;Γ ) = 0. Similarly, H 3(Xφ;Γ ) = 0 and H 4(Xφ;Γ ) ∼= Z.
Taking coefficients Zw instead, we see that H4(Xφ;Zw) ∼= H4(Zfoφ;Zw). Let [Xφ] =
f−1φ∗ [Zfoφ]. Evaluation on [Xφ] induces an isomorphism H 4(Xφ;Γ ) ∼= H0(Xφ;Γ ) = Z,
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and cap product with [Xφ] induces an isomorphism H 2 ∼= H2, by the assumption on λφ .
Since all other homology and cohomology modules (with coefficients Γ ) are 0 it follows
that Xφ is a PD4-complex.
The pair (π,w) is realizable as the fundamental group and orientation character of some
closed 4-manifold. (The construction by surgery on loops in #r (S1 × S3) in the orientable
case extends easily to the general case; see pp. 67–68 of [5]). Therefore there is a PD4-
complex Z with π1(Z) ∼= π , w1(Z) = w and π2(Z) ∼= E2Z, by Theorem 1. Let h be a
nonsingular w-hermitian form on a finitely generated projective Γ -module M . Let Xo be
the 3-complex with Π = π2(Xo) ∼= M⊕E2Z obtained by attaching 2- and 3-cells to Zo, as
in Theorem 1. The homomorphism B maps Zw ⊗Γ ΓW(Π) onto the group of w-hermitian
forms on Π†, by Lemma 2. Therefore h is realized by some PD4-complex Xψ , by part (ii)
of this theorem. 
In the parallel case considered in [6], when π is a finitely generated free group, we
were able to show that the intersection pairing is a complete invariant for the homotopy
type of PD4-complexes with given (free) fundamental group and orientation character.
The 3-skeleton Xo is then a wedge of spheres, and it is possible to analyse the action
of Eπ(Xo) on the attaching map φ ∈ π3(Xo) in sufficient detail to show that the pairing
determines the homotopy type. It is not known in general whether a similar result holds for
all P4-complexes with fundamental group of the type considered here.
Stably free Z[Z2]-modules are free [8]. However if π = Z ×˜Z is the Klein bottle group
then Γ = Z[Z ×˜Z] has nonprincipal ideals J such that J ⊕Γ ∼= Γ 2 [1], while “stably free
implies free” is apparently not known for the other PD2-groups.
4. PD2-groups
The cases of most natural interest are when π is the fundamental group of an aspherical
closed surface F . If Z is the minimal model for such a PD4-complex X then π2(Z) ∼= Z,
and so Z is the total space of an S2-bundle over F , by Theorem 5.10 of [5]. We shall
give an alternative construction of degree 1 collapses for such PD4-complexes, based on
Postnikov approximations, and show that the minimal model is uniquely determined by X.
The group Z/2Z acts on CP∞ via complex conjugation, and so a homomorphism
u :π → Z/2Z determines a product action of π on F˜ × CP∞. Let L = Lπ(Zu,2) =
(F˜ × CP∞)/π be the quotient space. Projection on the first factor induces a map qu =
cL :L → F . In all cases the fixed point set of the action of u on CP∞ is connected and
contains RP∞ . Thus qu has cross-sections σ , and any two are isotopic. Let j : CP∞ → L
be the inclusion of the fibre over the basepoint of F . If u is trivial Lπ(Zu,2) ∼= F × CP∞.
The (co)homology of L with coefficients in a Γ -module is split by the homomorphisms
induced by qu and σ . In particular, H 2(L;Zu) ∼= H 2(F ;Zu) ⊕ H 2(CP∞;Z), with
the projections to the summands induced by σ and j . Let ωF be a generator of
H 2(F ;Zw1(F )) ∼= Z, and let φ be a generator of H 2(F ;Zu). If u = w1(F ) choose
φ = ωF ; otherwise H 2(F ;Zu) has order 2. Let [c]2 denote the reduction mod (2) of a
cohomology class c (with coefficients Zw1(F ) or Zu). Then [φ]2 = [ωF ]2 in H 2(F ;Z/2Z).
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Let ιu ∈ H 2(L;Zu) be a generator of the complementary Z summand. Then H 4(L;Z) is
generated by (ιu)2 and ιu ∪ q∗uφ.
The space L = Lπ(Zu,2) is a generalized Eilenberg–Mac Lane complex of type (Zu,2)
over K(π,1), with characteristic element ιu. Homotopy classes of maps from spaces X
into L compatible with a fixed homomorphism θ :π1(X) → π correspond bijectively to
elements of H 2(X;Zuθ ), via the correspondence f ↔ f ∗ιu. (See Chapter III, Section 6
of [2]). In particular, Eπ(L) is the subgroup of H 2(L;Zu) consisting of elements of the
form ±(ιu + kφ), for k ∈ Z. (Such classes restrict to generators of H 2(L˜;Z) ∼= Z).
Let p :E → F be the projection of an S2-bundle over F . Then E˜ ∼= F˜ × S2 and
p may be identified with the classifying map cE , since it induces an isomorphism
π1(E) ∼= π = π1(F ). Such bundles are determined by their Stiefel–Whitney classes
w1(p) = w1(E) + w1(F ) and w2(p) = v2(E) (the second Wu class for E). In particular,
if Eu is the image of F˜ × CP1 in L and pu = qu|Eu then pu is an S2-bundle over F
with w1(pu) = u, and w2(pu) = v2(Eu) = 0, since cross-sections determined by distinct
fixed points are isotopic and disjoint. (From the dual point of view, the 4-skeleton of L is
Eu ∪CP1 j (CP2) = Eu ∪η D4, where η ∈ π3(Eu) ∼= π3(S2) is the Hopf map).
Theorem 7. Let E be the total space of an S2-bundle over F and let X be a PD4-complex
with π1(X) ∼= π = π1(F ). Let u = w1(X) + c∗Xw1(F ) and let x ∈ H 2(X;Zu) be such
that (x ∪ c∗XωF )[X] = 1. Then there is a 2-connected degree 1 map h :X → E such
that cE = cXh if and only if (c∗X)−1w1(X) = (c∗E)−1w1(E), [x]22 = 0 if v2(E) = 0 and
[x]22 = [x]2 ∪ c∗X[ωF ]2 otherwise.
Proof. Compatibility of the orientation characters is clearly necessary in order that the
degree be defined as an integer; we assume this henceforth. Since cX is 2-connected there is
an α ∈ H2(X;Zc∗Xw1(F )) such that cX∗α = [F ], and since Zu ⊗Zc∗Xw1(F ) ∼= Zw1(X) there is
an x ∈ H 2(X;Zu) such that x∩[X] = α, by Poincaré duality. Hence (x∪c∗XωF )∩[X] = 1.
Clearly either [x]22 = 0 or [x]22 = [x]2 ∪ c∗X[ωF ]2.
Let p :E → F be the projection of an S2-bundle over F . The map f :E → L =
Lπ(Z
u,2) corresponding to a class f ∗ιu ∈ H 2(E;Zu) which restricts to a generator for
H 2(S2;Z) induces isomorphisms on π1 and π2, and so f = fE . (We may vary this map
by composition with a self homotopy equivalence of L, replacing f ∗ιu by f ∗ιu + kf ∗φ).
Note also that f ∗Eιu ∪ c∗EωF generates H 4(E;Zw1(X)) ∼= Z.
The action of π on π3(E) ∼= π3(S2) = ΓW(Z) is given by ΓW(u), and so is trivial.
Therefore the third stage of the Postnikov tower for E is a simple K(Z,3)-fibration over L,
determined by a map κ :L → K(Z,4) corresponding to a class in H 4(L;Z). If L(m) is the
space induced by κm = ι2u+mιu ∪φ then L˜(m) is induced from L˜  CP∞ by the canonical
generator of H 4(CP∞), and so H3(L˜(m);Z) = H4(L˜(m);Z) = 0, by a spectral sequence
argument. (See also Chapter IX, Section 5 of [14].) Hence ΓW(Z) ∼= π3(L(m)) = Z.
The map fE factors through a map gE :E → L(m) if and only if f ∗Eκm = 0. We then
have π3(gE) = ΓW(fE), which is an isomorphism. Thus gE is 4-connected, and so is the
third stage of the Postnikov tower for E. If v2(E) = 0 then f ∗Eι2u = 2kf ∗E(ιu ∪ φ) for some
k ∈ Z, and so fE factors through L(−2k); otherwise fE factors through L(−2k − 1), and
thus these spaces provide models for the third stages P3(E) of such S2-bundle spaces.
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The self homotopy equivalence of L corresponding to the class ±(ιu + kφ) in H 2(L;Zu)
carries κm = ι2u + mιu ∪ φ to κm±2k , and thus cL(m) is fibre homotopy equivalent to cL(0)
if m is even and to cL(1) otherwise.
Since P3(E) may also be obtained from E by adjoining cells of dimension  5, maps
from a complex X of dimension at most 4 to E compatible with θ :π1(X) → π correspond
to maps from X to P3(E) compatible with θ and thus to elements y ∈ H 2(X;Zuθ ) such
that [y]22 = 0 if v2(E) = 0 and [y]22 = [y]2 ∪ c∗X[ωF ]2 otherwise.
If g :X → E is a 2-connected degree 1 map then x = g∗f ∗Eιu satisfies the conditions of
the theorem, since cX ∼ cEg, which factors through P3(E).
Conversely, let x be such a class. Then x = h∗f ∗Eιu for some h :X → E such that
cEh = cX and (f ∗Eιu ∪ c∗EωF )h∗[X] = (x ∪ c∗XωF )[X] = 1. Thus π1(h) is an isomorphism
and h is a degree 1 map, and so h is 2-connected, by Lemma 2.2 of [11]. 
It follows easily from the theorem that every such X has a minimal model E which is
a bundle space, and which is determined by X. (However we do not know whether the
homotopy class of the degree 1 collapse from X to E is also unique.)
If w = w1(X) = c∗Xw1(F ) and w2(X) = w2 then E ∼= F × S2, and the above argument
simplifies. Let x ∈ H 2(X;Zw) be such that (x ∪ c∗XωF ) ∩ [X] = 1. Now [x]22 = 0, since
v2(X) = w2(X) + w2 = 0. Therefore if F is nonorientable x2 = 0 in H 4(X;Z) = Z/2Z;
if F is orientable then x2 = 2k(x ∪ c∗XωF ) for some k, and we may replace x by
x ′ = x − kc∗XωF to obtain a class with square 0. Such a class may be realized by a map
d :X → S2, by Theorem 8.4.11 of [10], and we may set h = (cX, d) :X → F × S2.
That such 2-connected degree 1 collapses exist when X and π are orientable and
w2(X) = 0 was shown in [3], using cellular obstruction theory.
5. 4-manifolds
In this section we shall invoke surgery arguments, and so “4-manifold” and “s-cobor-
dism” shall mean TOP 4-manifold and (5-dimensional) TOP s-cobordism, respectively.
If π is the fundamental group of a graph of groups with all vertex groups infinite cyclic,
or is square root closed accessible (e.g., if π is a PD2-group) and w2(M˜) = 0 then every
4-manifold homotopy equivalent to M is s-cobordant to M , by Theorem 6.7, Lemmas 6.5
and 6.9 of [5]. If w2(M˜) = 0 there are at most two s-cobordism classes of homotopy
equivalences. After stabilization by connected sum with copies of S2 × S2 there are two
s-cobordism classes, distinguished by their KS smoothing invariants (see [7]).
If π is solvable (e.g., if π ∼= Z2 or Z ×˜Z) then 5-dimensional s-cobordisms are
products and stabilization is unnecessary, so homotopy equivalent 4-manifolds with
fundamental group π are homeomorphic if the universal cover is Spin, and there are two
homeomorphism types otherwise, distinguished by their KS invariants.
Let Λ = Z[Z]. There is a hermitian pairing B on a finitely generated free Λ-module
which is not extended from the integers, and a closed orientable 4-manifold MB with
π1(M) ∼= Z and such that the intersection pairing on π2(MB) is equivalent to B . In
particular, MB is not the connected sum of S1 × S3 with a 1-connected 4-manifold [4].
Let NB ⊂ MB be an open regular neighbourhood of a loop representing a generator
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of π1(MB). Suppose that X is a closed 4-manifold with fundamental group π and that
there is an orientation preserving loop γ ⊂ X whose image in π/π ′ generates a free direct
summand. (For instance, there is such a loop if X is the total space of an S2-bundle over
an aspherical closed surface F with β1(F ) > 1.) Then γ has a regular neighbourhood
homeomorphic to NB , and we may identify these regular neighbourhoods to obtain N =
MB ∪S1×D3 X. The inclusion of 〈g〉 into π and the projection of π onto Z mapping g to 1
determines a monomorphism γ :Λ → Z[π] and a retraction ρ :Z[π] → Λ. In particular,
Λ⊗ρ (Z[π] ⊗γ B) ∼= B . It follows that as B is not extended from Z neither is Z[π]⊗γ B .
Therefore N is not the connected sum of E with a 1-connected 4-manifold.
6. Final remarks
In this section we shall compare “strong minimality” with several other possible notions
of minimality for PD4-complexes with given fundamental group π . Here we shall not
assume that c.d. π  2.
If X is a strongly minimal PD4-complex then π2(X) has no nontrivial projective
direct summand and X is minimal with respect to the partial order on PD4-complexes
determined by setting X  Y if there is a 2-connected degree 1 map f :X → Y . Moreover
the classifying map cX induces isomorphisms Hs(π;Z[π]) ∼= Hs(X;Z[π]) for s  2
and H 3(π;Z[π]) = 0, by Lemma 3.3 of [5]. It follows that Hs(π;Z) ∼= Hs(X;Z) for
s  2 also, and hence that χ(X) = q(π), the minimal Euler characteristic among all PD4-
complexes with fundamental group π .
If π satisfies the weak Bass conjecture and P is a nontrivial finitely generated projective
Γ -module then Z ⊗Γ P = 0. (See p. 14 of [5].) It follows that if π satisfies the weak
Bass conjecture, f :X → Y is a 2-connected degree 1 map and χ(X) = χ(Y ) then f
is a homotopy equivalence. Hence χ(X) minimal implies that X is order-minimal and
every sequence of 2-connected degree 1 maps X → X1 → X2 → ·· · eventually becomes
a sequence of homotopy equivalences. The latter condition holds also if π2(X) is finitely
generated as a Z[π]-module. However a complex X which is order-minimal need not be
strongly minimal, and χ(X) need not equal q(π), as the following examples show.
The 4-dimensional torus R4/Z4 is the unique PD4-complex with fundamental group
Z4 and minimal Euler characteristic q(Z4) = 0. Let K be the 2-complex corresponding
to the standard presentation of π = Z4 with four generators and six relators, and let N
be a regular neighbourhood of an embedding of K in R5. Then M = ∂N is an orientable
4-manifold with π1(M) ∼= Z4 and χ(M) = 6. If a 2-connected degree 1 map f :M → Y is
not a homotopy equivalence then χ(Y ) < χ(M) and so β2(Y ) < 12. Since c∗YH 2(Z4;Z)
has rank 6 it follows easily from Poincaré duality in Y that c∗YH 2(Z4;Z) cannot be
self-annihilating with respect to cup product, and so cY has nonzero degree. However
cM∗[M] = 0, since cM factors through N , and so there can be no such map f . Thus M
is order-minimal. However it is not strongly minimal, as π2(M) has rank 6 as a Z[Z4]-
module.
An elementary surgery on R4/Z4 gives an orientable 4-manifold P with π ∼= Z3
realizing the minimal Euler characteristic χ(P ) = 2 for this group. As projective Z[Z3]-
modules are free it follows that P is order-minimal. However π2(P ) ∼= Z[Z3] ⊕ Ker(ε)
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(where ε is the augmentation), by Theorem 3.12 of [5]. Thus P is not strongly minimal.
(We cannot apply the strategy of Theorem 1 to construct a 2-connected degree 1 map to a
PD4-complex with smaller π2, for the projection-formula argument of the final paragraph
of that theorem breaks down at the point where the (co)homology of Z should be identified
with a canonical submodule of the (co)homology of X.)
If X is strongly minimal and π is finite or has two ends then π2(X) = 0, so X˜  S4 and
X  S4 or RP 4 or X˜  S3 and χ(X) = 0, respectively. If π has one end and H 2(π;Z[π])
is finitely generated as an Abelian group then either X˜  S2 and π is virtually a PD2-group
or X is aspherical and π is a PD4-group. (See Corollary 3.9.3 of [5].)
These considerations suggest that the present notion of minimality is unlikely to be of
much use beyond the cases considered here.
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